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Abstract. In this article we introduce a new approach to compute infinite products defined by au-
tomatic sequences involving the Thue-Morse sequence. As examples, for any positive integers q and r
such that 0 ≤ r ≤ q − 1, we find infinitely many couples of rational functions R(x) and S(n) such that
∞∏
n=0
R(n)
1+an
2 S(n)
1−an
2 = 2cos(
2r + 1
2q
pi),
where (an)n∈N is the Thue-Morse sequence beginning with a0 = 1, a1 = −1.
1 Introduction
Given an automatic sequence (sn)n∈N involving the sum of binary digits of the integers, it
is interesting to find classes of rational functions R such that the infinite product
∏
n≥0R(n)
sn
has an expression in terms of known constants. To do so, there are several known approaches.
In [AC85][AS90][AMP00], rational functions R are obtained by computing special values on some
particular functions. In[AS89][All15][Hu16][ARS19], authors use combinatorial methods inspired
by [Woo78][Rob79]. In this article, we consider the reversal problem: for a given real number a,
we try to find sequences of rational functions involving the Thue-Morse sequence (R(n))n∈N, such
that
∏
n≥0R(n) = a.
The motivation of this article is to detect the arithmatical nature of some well-known numbers
involving the Thue-Morse sequence, for example, the Flajolet-Martin numbers, which is still an
open question (see [ARS19]). One of the Flajolet-Martin numbers is defined by∏
n≥1
(
2n
2n+ 1
)an ,
where (an)n∈N is the Thue-Morse sequence beginning with a0 = 1, a1 = −1. The author states
that, rather than calculate directly
∏
n≥1(
2n
2n+1 )
an , one may work on the infinite product
∏
n≥1(1+
( an2n+1 )).The last infinite product, inspired by [DV18], can be calculated as the limit of a sequence∏
n≥1(1 + (
a(i)n
2n+1 )) such that (a
(i)
n )n∈N is a sequence of periodic sequences converging to the Thue-
Morse sequence. Furthermore, there is a natural relation beween these two products:
∏
n≥1
(
2n
2n+ 1
)an ∏
n≥1
(
1 + (
an
2n+ 1
)
)
=
∏
an=1
(
2n
2n+ 1
2n+ 2
2n+ 1
) ∏
an=−1
(
2n+ 1
2n
2n
2n+ 1
)
∗shuo.li@imj-prg.fr
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As a result,
(
∏
n≥1
(
2n
2n+ 1
)an ∏
n≥1
(
1 + (
an
2n+ 1
)
)
)2 =
∏
an=1
(
2n
2n+ 1
2n+ 2
2n+ 1
)2
=
∞∏
n=1
(
2n
2n+ 1
2n+ 2
2n+ 1
)an ∞∏
n=1
(
2n
2n+ 1
2n+ 2
2n+ 1
)
=
∏
n≥1
(
2n
2n+ 1
)an √2
2
∞∏
n=1
(
2n
2n+ 1
2n+ 2
2n+ 1
)
=
∏
n≥1
(
2n
2n+ 1
)an Γ(1)
Γ(12 )
2
√
2
2
=
∏
n≥1
(
2n
2n+ 1
)an pi
4
√
2
2
The third equality is from the famous Wood-Robbins equality [Woo78][Rob79].
Despite that this approach can still not touch the kernel of the problem, we find closed forms for
other infinite products. As results, we prove that for given integers q and r, such that 0 ≤ r ≤ q−1,
and for any integer i
∏
n≥0


(
qn+ r + 32
2r+1
2q + 2qi+ 1
)(
q(n+ 1)− r − 32 2r+12q + 2qi+ 1
)
(qn+ r + 1) (q(n+ 1)− r + 1)


an+1
2
×
∏
n≥0


(
qn+ r + 32
2r+1
2q + 2qi− 12
)(
q(n+ 1)− r − 32 2r+12q + 2qi− 12
)
(
qn+ r − 12
) (
q(n+ 1)− r − 12
)


1−an
2
= 2cos(
2r + 1
2q
pi)
2 Notation
Let (an)n∈N be the Thue-Morse sequence satisfying a0 = 1 and a1 = −1 and let R∗ be the free
monoid of R generated by concatenation.
Definition Let φ : {1,−1} → R∗ be a morphism and q be an integer. φ is called a q-substitution if
the length of φ(−1) and of φ(1) are the same, and both equal q. The Thue-Morse sequence (an)n∈N
can be defined as the fixed-point of a 2-substitution φ : φ(−1) = −1, 1 and φ(1) = 1,−1 and with
the initial point a0 = 1.
Definition A q-substitution φ is called alternative if it satisfies that φ(1) = l0, l1, l2, ..., lq−1 and
φ(−1) = −l0,−l1,−l2, ...,−lq−1; and similarly, φ is called periodic if it satisfies that φ(1) = φ(−1) =
l0, l1, l2, ..., lq−1.
Definition Let φ be a q-substitution. Let us define the φ-Thue-Morse sequence to be the image
of the Thue-More sequence (an)n∈N under the morphism φ: φ((an)n∈N), we denote this sequence
by (φ(a)n)n∈N.
2
Example Let q be a positive integer, we define Tq a q-substitution such that Tq(1) = 1, 1, ..., 1︸ ︷︷ ︸
q times
and
Tq(−1) = −1,−1, ...,−1︸ ︷︷ ︸
q times
, then the sequence (Tq(a)n)n∈N should be in the form:
1, 1, ..., 1︸ ︷︷ ︸
q times
−1,−1, ...,−1︸ ︷︷ ︸
q times
−1,−1, ...,−1︸ ︷︷ ︸
q times
1, 1, ..., 1︸ ︷︷ ︸
q times
...
We call this sequence a q-stuttered Thue-Morse sequence.
Definition Let φ and ψ be two q-substitutions {1,−1} → Rq such that φ(1) = l0, l1, l2, ..., lq−1;
φ(−1) = r0, r1, r2, ..., rq−1 and ψ(1) = l′0, l′1, l′2, ..., l′q−1; ψ(−1) = r′0, r′1, r′2, ..., r′q−1.Let λ be a real
number.
Let us define φψ to be a 2q-substitution {1,−1} → R2q such that φψ(1) = l0, l′0, l1, l′1, l2, l′2..., lq−1, l′q−1and
φ ψ(−1) = r′0, r0, r′1, r1, r′2, r2, ..., r′q−1, rq−1;
let us define φ + ψ to be a q-substitution {1,−1} → Rq such that (φ + ψ)(1) = l0 + l′0, l1 + l′1l2 +
l′2..., lq−1 + l
′
q−1and (φ+ ψ)(−1) = r0 + r′0, r1 + r′1, r2 + r′2, ..., rq−1 + r′q−1;
and let us define λφ to be a q-substitution {1,−1} → Rq such that λφ(1) = λl0, λl1, λl2, ..., λlq−1and
λφ(−1) = λr0, λr1, λr2, ..., λrq−1;
3 φ-Thue-Morse sequences and their combined sequences
Let φ be an alternative q-substitution, ψ be a periodic q-substitution such that φ(1) = l0, l1, l2, ..., lq−1,ψ(1) =
s0, s1, s2, ..., sq−1 and sk + sq−1−k = 0, lk = lq−1−k for all k, 0 ≤ k ≤ q− 1. Let (Tk(a)n)n∈n be the
k-stuttered Thue-Morse sequence. In this section we consider two infinite products:
I1 =
∞∏
n=0
(
1 +
(φ+ Tq)(a)n
2n+ 1
)
,
I2 =
∞∏
n=0
(
1 +
(2ψ φ+ T2q)(a)n
2n+ 1
)
.
We will compute the value of I2/I1, if it is well defined. This value will be approached by a sequence
of real numbers.
To do so, let us firstly verify that I1 and I2 are both well defined.
Proposition 1 For each alternative q-substitution φ : {1,−1} → Nq, the following number is well
defined:
I(φ) =
∞∏
n=0
(
1 +
φ(a)n
2n+ 1
)
;
Proof Let us consider the following infinite product
∏∞
n=0
(
1 + anlkn+b
)
. Because of the boundness
3
of the sequence (an)n∈N, 1 + anlkn+b > 0 for all n large enough, say n > N0. So that
log
( ∞∏
n>N0
(
1 +
anl
kn+ b
))
=
∞∑
n>N0
log
(
1 +
anl
kn+ b
)
=
∞∑
n>N0
log
(
(1 +
a2nl
2kn+ b
)(1 +
a2n+1l
2kn+ b+ k
)
)
=
∞∑
n>N0
log
(
1 +
ankl− l2
(2kn+ b)(2kn+ b+ k)
)
,
(1)
and the last sum converges. To conclude the proof, it is enough to state that
I(φ) =
q−1∏
i=0
∞∏
n=0
(
1 +
anli
2(qn+ i) + 1
)
.
Proposition 2 Let φ be an alternative q-substitution φ : {1,−1} → Nq : φ(1) = l0, l1, l2, ..., lq−1 φ(−1) =
−l0,−l1,−l2, ...,−lq−1 and ψ be a periodic q-substitution ψ : {1,−1} → Nq : ψ(1) = ψ(−1) =
s0, s1, s2, ..., sq−1, such that sk + sq−1−k = 0 for all k, 0 ≤ k ≤ q − 1, then the following number is
well defined:
I(ψ φ+ T2q) =
∞∏
n=0
(
1 +
(ψ φ+ T2q)(a)n
2n+ 1
)
;
Proof If 1 +
(ψφ+T2q)(a)n
2n+1 > 0 for all integer n ≥ N0q, then
log

 ∞∏
n=N0q
(
1 +
(ψ φ+ T2q)(a)n
2n+ 1
)
=
∑
N0≤j≤∞
∑
0≤i≤q−1
(
log(1 +
si + aj
4jq + 4i+ 1
+ log(1 +
li + aj
4jq + 4i+ 3
))
)
+
∑
N0≤j≤∞
∑
0≤i≤q−1
(
log(1 +
−li − aj
4jq + 2q + 4i+ 1
) + log(1 +
si − aj
4jq + 2q + 4i+ 3
)
)
(2)
Now let us prove that the above infinite sums converge. Firstly, when j is large,
log(1+
li + aj
4jq + 4i+ 1
)+ log(1+
−li − aj
4jq + 2q + 4i+ 1
) = O(
li + aj
4jq + 4i+ 1
− li + aj
4jq + 2q + 4i+ 1
) = O(
1
n2
),
so that ∑
N0≤j≤∞
∑
0≤i≤q−1
(
log(1 +
li + aj
4jq + 4i+ 1
) + log(1 +
−li − aj
4jq + 2q + 4i+ 1
)
)
converges.
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Secondly, when j is large,
log(1 +
si + aj
4jq + 4i+ 1
) + log(1 +
sq−1−i + aj
4jq + 4(q − 1− i) + 1)
+ log(1 +
si − aj
4jq + 2q + 4i+ 3
) + log(1 +
sq−1−i − aj
4jq + 2q + 4(q − 1− i) + 3)
= O(
si + aj
4jq + 4i+ 1
+
−si + aj
4jq + 4(q − 1− i) + 1 +
si − aj
4jq + 2q + 4i+ 3
+
−si − aj
4jq + 2q + 4(q − 1− i) + 3)
= O(
1
n2
)
(3)
so that
2
∑
N0≤j≤∞
∑
0≤i≤q−1
(
log(1 +
si + aj
4jq + 4i+ 1
) + log(1 +
si − aj
4jq + 2q + 4i+ 1
)
)
=
∑
N0≤j≤∞
∑
0≤i≤q−1
(
log(1 +
si + aj
4jq + 4i+ 1
) + log(1 +
sq−1−i + aj
4jq + 4(q − 1− i) + 1))
)
+
∑
N0≤j≤∞
∑
0≤i≤q−1
(
log(1 +
si − aj
4jq + 2q + 4i+ 3
) + log(1 +
sq−1−i − aj
4jq + 2q + 4(q − 1− i) + 3))
)
=
∑
N0≤j≤∞
∑
0≤i≤q−1
O(
1
n2
)
(4)
converges;
To conclude, infinite product I(ψ φ+ T2q) is well defined.
Now, let us firstly define two sequences of real numbers (rn)n∈N+ and (r
′
n)n∈N+ . For each n ≥ 1:
rn =
∞∏
k=0
q2n−1∏
j=0
(1 +
(φ+ Tq)(a)j
q2n+1k + 2j + 1
);
r′n =
∞∏
k=0
q2n+1−1∏
j=0
(1 +
(2ψ φ+ T2q)(a)j
q2n+2k + 2j + 1
).
These sequences are both well defined and we can easily check that limn→∞ rn = I1 and
limn→∞ r′n = I2. The first convergence is from the fact that, for each n, the q2
n terms with k = 0 in
rn coincide with the first q2
n terms in the infinite product of I1, and
∏∞
k=1
∏q2n−1
j=0 (1+
(φ(a)+Tq(a))j
q2n+1k+2j+1 )
converge to 1 when n→∞. And a similar argument works to prove that limn→∞ r′n = I2.
Here we make a first simplification on the expressions of rn and r
′
n.
Lemma 1 Let φ be an alternative q-substitution, ψ be a periodic q-substitution and (Tk(a)n)n∈n be
the k-stuttered Thue-Morse sequence such that φ(1) = l0, l1, l2, ..., lq−1, φ(−1) = −l0,−l1,−l2, ...,−lq−1
and ψ(1) = ψ(−1) = s0, s1, s2, ..., sq−1 under the consdition sk + sq−1−k = 0, lk = lq−1−k for all k,
0 ≤ k ≤ q − 1, then, with all notation defined as above,
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r2n+1 =
1√
2
q22n−1∏
j=0
2 sin(pi(
2j + 1
q22n+2
+ ((φ+ Tq)(a)j)
1
q22n+2
));
r′2n+2 =
1√
2
q22n+1−1∏
j=0
2 sin(pi(
2j + 1
q22n+3
+ ((2ψ φ+ T2q)(a)j)
1
q22n+3
)).
Proof From Lemma 1 in [DV18], for each integer n ≥ 2, taking f(j) = −φ(a)j −Tq(a)j , a = 1q2n+1
and zj =
2j+1
q2n+1 , we have
∑q2n−1
j=0 f(j) = 0, so that
rn =
q2n−1∏
j=0
Γ( 2j+1q2n+1 )
Γ( 2j+1q2n+1 + ((φ + Tq)(a)j)
1
q2n+1 )
. (5)
Lemma 2 in [DV18] gives us
q2n−1∏
j=0
Γ(
2j + 1
q2n+1
) =
∏2n+1−1
j=0 Γ(
j
q2n+1 )∏2n−1
j=0 Γ(
j
q2n )
=
(2pi)(q2
n+1−1)/2√
q2n+1
(2pi)(q2n−1)/2√
q2n
=
1√
2
(2pi)q2
n−1
. (6)
From the facts that ∀0 ≤ j ≤ q22n+1 − 1, φ(a)j = −φ(a)q22n+1−1−j , Tq(a)j = −Tq(a)q22n+1−1−j
and Γ(z)Γ(1− z) = pisin(piz) , we have
q22n+1−1∏
j=0
Γ(
2j + 1
q22n+2
+ ((φ+ Tq)(a)j)
1
q22n+2
) =
q22n−1∏
j=0
pi
sin(pi( 2j+1q22n+2 + ((φ + Tq)(a)j)
1
q22n+2 ))
. (7)
As a result,
r2n+1 =
1√
2
q22n−1∏
j=0
2 sin(pi(
2j + 1
q22n+2
+ ((φ+ Tq)(a)j)
1
q22n+2
)). (8)
Similarly, from Lemma 1 in [DV18], for each integer n ≥ 2, taking f(j) = −2ψφ(a)j−T2q(a)j ,
a = 1q2n+2 and zj =
2j+1
q2n+2 , we have
∑q2n+2−1
j=0 f(j) = 0, so that
r′n =
q2n+1−1∏
j=0
Γ( 2j+1q2n+2 )
Γ( 2j+1q2n+2 + ((2ψ φ+ T2q)(a)j)
1
q2n+2 )
. (9)
By the same argument as above,
q2n+1−1∏
j=0
Γ(
2j + 1
q2n+2
) =
1√
2
(2pi)q2
n
. (10)
6
From the fact that ∀0 ≤ j ≤ q22n+2−1, ψφ(a)j = −ψφ(a)q22n+2−1−j , T2q(a)j = −T2q(a)q22n+2−1−j ,
we have
q22n+2−1∏
j=0
Γ(
2j + 1
q22n+3
+((2ψφ+T2q)(a)j)
1
q22n+3
) =
q22n+1−1∏
j=0
pi
sin(pi( 2j+1q22n+3 + ((2ψ φ+ T2q)(a)j)
1
q22n+3 ))
.
(11)
As a result,
r′2n+2 =
1√
2
q22n+1−1∏
j=0
2 sin(pi(
2j + 1
q22n+3
+ ((2ψ φ+ T2q)(a)j)
1
q22n+3
)). (12)
Lemma 2 Let (φ(a)n)n∈N be a sequence defined by an alternative morphism as above, such that
φ(1) = l0, l1, l2, ..., lq−1 and lk = lq−1−k for all k, 0 ≤ k ≤ k − 1. Then
r2n+1 =
1√
2
∏
0≤j≤22n−1
aj=1
∏
0≤k≤q
2 cos(
(qj + k − lq−1−k/2)pi
q22n+1
)
∏
0≤j≤22n−1
aj=−1
∏
0≤k≤q
2 sin(
(qj + k − lk/2)pi
q22n+1
)
(13)
.
Proof From the fact that , aj = a22n−j−1, we can prove that for all k, 0 ≤ k ≤ q − 1,
φ(a)qj+k = φ(a)q(22n−j−1)+k = aj lk;
Tq(a)qj+k = Tq(a)q(22n−j−1)+k = aj .
As a result, if aj = 1 then for all k such that 0 ≤ k ≤ q − 1,
sin(pi(
2(qj + k) + 1
q22n+2
+
(φ+ Tq)(a)qj+k
q22n+2
) = sin(
(2(qj + k) + 1 + lk + 1)pi
q22n+2
)
= sin(
(qj + k + 1 + lk/2)pi
q22n+1
)
= cos(
(q22n − qj − k − 1− lk/2)pi
q22n+1
)
= cos(
(q(22n − j − 1) + q − 1− k − lk/2)pi
q22n+1
)
(14)
and
sin(pi(
2(q(22n − j − 1) + k) + 1
q22n+2
+
(φ(a) + Tq)(a)q(22n−j−1)+k
q22n+2
) = sin(
(2(q(22n − j − 1) + k) + 1 + lk + 1)pi
q22n+2
)
= sin(
(q(22n − j − 1) + k + 1 + lk/2)pi
q22n+1
)
= cos(
(qj + q − k − 1− lk/2)pi
q22n+1
)
(15)
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And if aj = −1 then for all k such that 0 ≤ k ≤ q − 1,
φ(a)qj+k = −lk;
Tq(a)qj+k = −1.
sin(pi(
2(qj + k) + 1
q22n+2
+
(φ+ Tq)(a)qj+k
q22n+2
) = sin(
(2(qj + k) + 1− lk − 1)pi
q22n+2
)
= sin(
(qj + k − lk/2)pi
q22n+1
)
(16)
So
r2n+1 =
1√
2
∏
0≤j≤22n−1
aj=1
∏
0≤k≤q
2 cos(
(qj + k − lq−1−k/2)pi
q22n+1
)
∏
0≤j≤22n−1
aj=−1
∏
0≤k≤q
2 sin(
(qj + k − lk/2)pi
q22n+1
).
In an analogous way, we reformulate the expression of r′2n+2 in the same form.
Lemma 3 Let ((2ψφ+T2q)(a)n)n∈N be a sequence defined as above, such that φ(1) = l0, l1, l2, ..., lq−1,ψ(1) =
s0, s1, s2, ..., sq−1 and sk + sq−1−k = 0, lk = lq−1−k for all k, 0 ≤ k ≤ q − 1.Then
r′2n+2 =
1√
2
∏
0≤j≤22n−1
aj=1
∏
0≤k≤q
2 cos(
(qj + k − lq−1−k/2)pi
q22n+1
)
∏
0≤j≤22n−1
aj=−1
∏
0≤k≤q
2 sin(
(qj + k − lk/2)pi
q22n+1
)
×
∏
0≤j≤22n−1
aj=1
∏
0≤k≤q
2 cos(
(2(qj + k) + 1− sk)pi
q22n+2
)
∏
0≤j≤22n−1
aj=−1
∏
0≤k≤q
2 sin(
(2(qj + k) + 1− sk)pi
q22n+2
)
(17)
Proof If aj = 1, then a22n−j−1 = 1, so that for all k, 0 ≤ k ≤ q − 1,
(2ψ φ+ T2q)(a)2(qj+k) = (2ψ φ+ T2q)(a)2(q22n+1−qj)+2k = 2sk + 1;
(2ψ φ+ T2q)(a)2(qj+k)+1 = (2ψ φ+ T2q)(a)2(q22n+1−2qj)+2k+1 = 2lk + 1.
By similar calculations as in (14) and (15), we have
sin(pi(
2(2qj + 2k) + 1
q22n+3
+
(2ψ φ+ T2q)(a)qj+k
q22n+3
) = cos(
(2q(22n−1 − 1− j) + (2q − 1− 2k)− sk)pi
q22n+2
)
sin(pi(
2(2qj + 2k + 1) + 1
q22n+3
+
(2ψ φ+ T2q)(a)qj+k
q22n+3
) = cos(
(q(22n−1 − 1− j) + q − 1− k − lk/2)pi
q22n+1
)
and
sin(pi(
2(2q(22n − j − 1) + 2k) + 1
q22n+3
+
(2ψ φ+ T2q)(a)2q(22n−j−1)+2k
q22n+3
) = cos(
(2qj + 2q − 2k − 1− sk)pi
q22n+2
)
sin(pi(
2(2q(22n − j − 1) + 2k + 1) + 1
q22n+3
+
(2ψ φ+ T2q)(a)2q(22n−j−1)+2k
q22n+3
) = cos(
(qj + q − k − 1 + lq−1−k/2)pi
q22n+1
)
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And if aj = −1, then a22n−j−1 = −1,so that for all k, 0 ≤ k ≤ q − 1,
(2ψ φ+ T2q)(a)2(qj+k) = (2ψ φ+ T2q)(a)2(q22n+1−qj)+2k = 2lk − 1;
(2ψ φ+ T2q)(a)2(qj+k)+1 = (2ψ φ+ T2q)(a)2(q22n+1−2qj)+2k+1 = 2sk − 1.
By a similar calculation as in (16), we have
sin(pi(
2(2qj + 2k) + 1
q22n+3
+
(2ψ φ+ T2q)(a)2qj+2k
q22n+3
) = sin(
(qj + k − lk/2)pi
q22n+1
)
sin(pi(
2(2qj + 2k + 1) + 1
q22n+3
+
(2ψ φ+ T2q)(a)2qj+2k+1
q22n+3
) = sin(
(2qj + 2k + 1− sk)pi
q22n+2
)
Combining all above equalities, we prove the lemma.
Theorem 1 Let I1 and I2 be the two infinite products defined as above, with an alternative q-
substitution φ and a periodic q-substitution ψ such that φ(1) = l0, l1, ..., lq−1 and ψ(1) = s0, s1, ..., sq−1.
If additionally sk = −sq−1−k and lk = lq−1−k for all k, 0 ≤ k ≤ q − 1, and I1 6= 0 then
I2/I1 = (−1)
∑
0≤k≤q−1 tk2q/2

 ∏
0≤k≤q−1
sin(
2k + 1− 2sk
2q
pi)


1
2
,
where tk is the number of positive intergers smaller than
2sk−2k−1
2q . Furthermore, the above equality
does not depend on the choice of the q-substitution φ.
Proof As we know that rn → I1 and r′n → I2 when n → ∞. So I2/I1 = limn→∞ r′2n+2/r2n+1.
From Lemma 1 and Lemma 2, for n ≥ 1,
r′2n+2/r2n+1 =
∏
0≤j≤22n−1
aj=1
∏
0≤k≤q−1
2 cos(
(2(qj + k) + 1− sk)pi
q22n+2
)
∏
0≤j≤22n−1
aj=−1
∏
0≤k≤q−1
2 sin(
(2(qj + k) + 1− sk)pi
q22n+2
)
=
∏
0≤j≤22n−1−1
aj=1
∏
0≤k≤q−1
2 cos(
(2(qj + k) + 1− sk)pi
q22n+2
)2 cos(
(2(q(22n−1 − 1− j) + 2(q − 1− k) + 1 + sk)pi
q22n+2
)
×
∏
0≤j≤22n−1−1
aj=1
∏
0≤k≤q−1
2 cos(
(2(qj + k) + 1− sk)pi
q22n+2
)2 sin(
(2(q(22n−1 − 1− j) + 2(q − 1− k) + 1 + sk)pi
q22n+2
)
=
∏
0≤j≤22n−1−1
aj=1
∏
0≤k≤q−1
2(cos(
(2(qj + k) + 1− 2sk)pi
q22n+1
− pi
2
) + cos(
pi
2
))
×
∏
0≤j≤22n−1−1
aj=−1
∏
0≤k≤q−1
2(cos(
(2(qj + k) + 1− 2sk)pi
q22n+1
− pi
2
)− cos(pi
2
))
=
∏
0≤j≤22n−1−1
∏
0≤k≤q−1
2 sin(
(2(qj + k) + 1− 2sk)pi
q22n+1
)
(18)
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The second equality is from the hypothesis that sk = sq−1−k and aj = 1 if and only if a2n−1−j = 1.
The sign of the number r′2n+2/r2n+1 is (−1)
∑
0≤k≤q−1 t
(n)
k , where t
(n)
k is number of integers smaller
than min
{
22n−1 − 1, 2sk−2k−12q
}
. Now using once more the hypothesis that sk = sq−1−k,
(r′2n+2/r2n+1)
2 =
∏
0≤j≤22n−1−1
∏
0≤k≤q−1
4 sin2(
(2(qj + k) + 1− 2sk)pi
q22n+1
)
=
∏
0≤j≤22n−1−1
∏
0≤k≤q−1
2 sin(
(2(qj + k) + 1− 2sk)pi
q22n+1
)2 sin(
(2(qj + (q − 1− k)) + 1 + 2sk)pi
q22n+1
)
=
∏
0≤j≤22n−1−1
∏
0≤k≤q−1
2 sin(
(2(qj + k) + 1− 2sk)pi
q22n+1
)
×
∏
1≤j≤22n−1
∏
0≤k≤q−1
2 sin(
(2(qj − k)− 1 + 2sk)pi
q22n+1
)
=
∏
1≤j≤22n−1−1
∏
0≤k≤q−1
2 sin(
(2qj + 2k + 1− 2sk)pi
q22n+1
)2 sin(
(2q(22n−1 − j)− 2k − 1 + 2sk)pi
q22n+1
)
×
∏
0≤k≤q−1
2 sin(
(2k + 1− 2sk)pi
q22n+1
)2 sin(
(−2k − 1 + 2sk)pi
q22n+1
+
pi
2
)
=
∏
1≤j≤22n−1−1
∏
0≤k≤q−1
2(sin(
(2qj + 2k + 1− 2sk)pi
q22n
))×
∏
0≤k≤q−1
2 sin(
(2k + 1− 2sk)pi
q22n
)
=
∏
1≤j≤22n−1
∏
0≤k≤q−1
2(sin(
(2qj + 2k + 1− 2sk)pi
q22n
))
(19)
Now use the equality that for all real number x and integer n,
sin(nx) =
1
2
n−1∏
j=0
2 sin(x+
jpi
n
) (20)
( for the proof, see for example [D’A]), we have
(r′2n+2/r2n+1)
2 =
∏
1≤j≤22n−1
∏
0≤k≤q−1
2(sin(
(2qj + 2k + 1− 2sk)pi
q22n
))
= 2q
∏
0≤k≤q−1
sin(
2k + 1− 2sk
2q
pi)
(21)
The last product in the above equality is a positive constant because of the fact that
sin(
2k + 1− 2sk
2q
pi) sin(
2(2q − 1− k) + 1− 2sq−1−k
2q
pi) = sin(
2k + 1− 2sk
2q
pi) sin(pi − 2k − 1− 2sk
2q
pi)
= sin2(
2k + 1− 2sk
2q
pi)
(22)
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To conclude,
I2/I1 = lim
n→∞
r′2n+2/r2n+1 = (−1)
∑
0≤k≤q−1 tk2q/2

 ∏
0≤k≤q−1
sin(
2k + 1− 2sk
2q
pi)


1
2
.
Remark In the proof of Theorem 1, we do not use the hypothesis that I1 6= 0. In fact, from
Proposition 1, I1 = 0 if and only if there exists a k such that 1 +
(φ+Tq)(a)k
2k+1 = 0. However, in this
case, we can check easily that 1 +
(2ψφ+T2q)(a)2k
4k+1 = 0. So when calculating r
′
2n+2/r2n+1, the zeros
in r2n+1 “cancel” with some zeros in r
′
2n+2, which makes the calculation still “work” in the case
that I1 = 0.
Corollary 1 For any positive integer q,∏∞
n=0
(
1 +
T2q(a)n
2n+1
)
∏∞
n=0
(
1 +
Tq(a)n
2n+1
) = √2
Proof Let φ and ψ be 2 q-substitution such that φ(1) = φ(−1) = ψ(1) = ψ(−1) = 0, 0, ..., 0︸ ︷︷ ︸
q times
, then
they satisfy the condition in Theorem 1, and
I1 =
∞∏
n=0
(
1 +
(φ+ Tq)(a)n
2n+ 1
)
=
∞∏
n=0
(
1 +
Tq(a)n
2n+ 1
)
,
I2 =
∞∏
n=0
(
1 +
(2ψ φ+ T2q)(a)n
2n+ 1
)
=
∞∏
n=0
(
1 +
T2q(a)n
2n+ 1
)
.
So that
∏∞
n=0
(
1+
T2q(a)n
2n+1
)
∏
∞
n=0
(
1+
Tq(a)n
2n+1
) = 2q/2
∏
0≤k≤q−1 sin(
2k+1
2q pi)
1
2 = (2 sin(pi2 ))
1/2. The last equality is from
the equality (20).
Corollary 2 For given integers q and r, such that 0 ≤ r ≤ q − 1, and for any real number s,
∏
n≥0
(
(qn+ r + s+ 1) (q(n+ 1)− r − s+ 1)
(qn+ r + 1) (q(n+ 1)− r + 1)
) an+1
2 ∏
n≥0
((
qn+ r + s− 12
) (
q(n+ 1)− r − s− 12
)(
qn+ r − 12
) (
q(n+ 1)− r − 12
) )
1−an
2
= (−1)t(s)
| sin(2r+1−2s2q pi)|
sin(2r+12q pi)
(23)
where t(s) is the number of positive intergers smaller than 2s−2r−12q if s is positive. Otherwise,
t(s) is the number of positive intergers smaller than −2s−2(q−r)−12q . Consequencely, the product of
infinite products as above is 2q-periodic on function of s.
Proof Firstly let φ and ψ be 2 q-substitution such that φ(1) = φ(−1) = 0, 0, ..., 0, and ψ(1) =
ψ(−1) = 0, 0, ..., 0, s, 0, ..., 0,−s, 0, ..., 0 such that the rth element in the string ψ(1) is s and the
(q + 1− r)th element is −s, then they satisfy the condition in Theorem 1, and
I1 =
∞∏
n=0
(
1 +
(φ+ Tq)(a)n
2n+ 1
)
=
∞∏
n=0
(
1 +
Tq(a)n
2n+ 1
)
,
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I2 =
∞∏
n=0
(
1 +
(2ψ φ+ T2q)(a)n
2n+ 1
)
=
∞∏
n=0
(
1 +
T2q(a)n
2n+ 1
) ∏
n≥0
ψφ(a)n 6=0
(
1 +
2ψφ(a)n+T2q(a)n
2n+1
)
(
1 +
T2q(a)n
2n+1
) .
So that
I2/I1 = (−1)t(s)2q/2
∏
0≤k≤q−1
sin(
2k + 1
2q
pi)
1
2 (
sin(2r+1−2s2q pi) sin(pi − 2r+1−2s2q pi)
sin(2r+12q pi) sin(pi − 2r+12q pi)
)
1
2 = (−1)t(s)21/2(
| sin(2r+1−2s2q pi)|
sin(2r+12q pi)
).
Furthermore, ∏
n≥0
ψφ(a)n 6=0
(
1 +
2ψφ(a)n+T2q(a)n
2n+1
)
(
1 +
T2q(a)n
2n+1
) = (−1)t(s) | sin(2r+1−2s2q pi)|
sin(2r+12q pi)
.
Secondly, for given positive integer N ,
∏
0≤n≤4qN
ψφ(a)n 6=0
(
1 +
2ψφ(a)n+T2q(a)n
2n+1
)
(
1 +
T2q(a)n
2n+1
) = ∏
0≤n≤2N
an=1
(
1 + 2s+12qn+2r+1
)(
1 + −2s+12qn+2(q−r)+1
)
(
1 + 12qn+2r+1
)(
1 + 12qn+2(q−r)+1
)
×
∏
0≤n≤2N
an=−1
(
1 + 2s−12qn+(2r−1)+1
)(
1 + −2s−12qn+(2(q−r)−1)+1
)
(
1− 12qn+(2r−1)+1
)(
1− 12qn+(2(q−r)−1)+1
)
=
∏
0≤n≤2N
an=1
(qn+ r + s+ 1) (q(n+ 1)− r − s+ 1)
(qn+ r + 1) (q(n+ 1)− r + 1)
×
∏
0≤n≤2N
an=−1
(
qn+ r + s− 12
) (
q(n+ 1)− r − s− 12
)(
qn+ r − 12
) (
q(n+ 1)− r − 12
)
=
∏
0≤n≤2N
(
(qn+ r + s+ 1) (q(n+ 1)− r − s+ 1)
(qn+ r + 1) (q(n+ 1)− r + 1)
) an+1
2
×
∏
0≤n≤2N
((
qn+ r + s− 12
) (
q(n+ 1)− r − s− 12
)(
qn+ r − 12
) (
q(n+ 1)− r − 12
)
) 1−an
2
(24)
We can check easily that the last two finite products both converge when N tends to infinite, so we
conclude the proof.
12
Corollary 3 For given integers q and r, such that 0 ≤ r ≤ q − 1, for any integer i
∏
n≥0


(
qn+ r + 32
2r+1
2q + 2qi+ 1
)(
q(n+ 1)− r − 32 2r+12q + 2qi+ 1
)
(qn+ r + 1) (q(n+ 1)− r + 1)


an+1
2
×
∏
n≥0


(
qn+ r + 32
2r+1
2q + 2qi− 12
)(
q(n+ 1)− r − 32 2r+12q + 2qi− 12
)
(
qn+ r − 12
) (
q(n+ 1)− r − 12
)


1−an
2
= 2cos(
2r + 1
2q
pi)
(25)
Proof By taking s = 32
2r+1
2q + 2qi and considering a particular case that i = 0 in Corollary 2, we
check it easily that the two infinite products in (25) are positive. Furthermore, we have
|sin(2r+1−2s2q pi)|
sin(2r+12q pi)
=
|sin(−2(2r+1)2q pi)|
sin(2r+12q pi)
=
2sin(2r+12q pi)cos(
2r+1
2q pi)
sin(2r+12q pi)
= 2cos(
2r + 1
2q
pi).
We prove the corollary for i = 0. Using the periodicity on s, we conclude the proof in the general
case.
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